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From Quality to Quantity

d Quantitative system models

choose
open start route
send! "o paraChut dryer 0.3 O
z>0.8 - 0
0.2 O
timed hybrid resources probabilistic

A Verification is usually boolean:
0 either AE® or AH®

Q either A= sBor A= /B
d Problem:

A lack of expressiveness: quantify our satisfaction
O small perturbations have large effects

~b change values
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From Quality to Quantity

CD—@DF 005 P

0.3 EE
0.
0.2 dist: 0 <
[A]J(OMax P) = 0.5
0.3
0.
Lo e 27

= bis

CD—@DF 005 P

[AI(O™ax P) = 0.51

55 bis
dist: 0.01

Our opinion: verification should be quantitative
e A F¢ ~ [A](d) €[0,1] how trueis ¢ on A?

e A =B ~» dist(AB) how similar are A and B?
distance/metric




From Quality to Quantity
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Quantitative system relations
s C £~ dist(s,t)
how similar are two systems?

Ulinear dist: trace inclusion/equiv
~ Qbranchi
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Quantitative logics

dsE ¢ ~ [o](s) €[0,1]
how true is ¢ in s?
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The mOdeI e First: QTSs

e Then: Stoc Games

e Quantitative Transition Systems (QTSs)

. : . : e Others: real-time
kripke structures with quantitative predicates

quantitative
' state predicates:
each proposition
=0, has value in [0,1]
8
express: priorities,

fuzzy predicates,
rewards, power, heat,

e Semantics: quantitative traces




p = power
h = heating




Outline of this talk

d QTSs

1. linear setting
d linear distance Id
Q QLTL

2. branching setting

Q branching distance bd
d QCTL

1 Stochastic Games

3. branching setting
Q a priori distance
O a posteriori distance
d Qu-calculus
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Linear Distances

e How different are two states?

=0.
p=0.1 — pd(s,t) =
pd( / @ ) = o2 Max,s 1s(p) —t(p)|

e How different are two traces?

0 1 , 2 2 eo0o . .
0 > 3.2 042 discountin

a.l ‘.




Linear Distances

Trace inclusion:A:trB = tr(A) C tr(B)

P
Linear distance: Id<(A B)

Find hardest trace in A to match
Id<(A,B) =
find closest trace in SUP ;. cr( A)mf ctr(B) Ids(o,p)
symmetric variant

Id=(A,B) =
max( Id<(A,B), Id<(B,A))

A A E tr B =
ind same trace in B / / 2 V cetr(A) dpetr(B). c = p

A= B:
A; B&BLC,A

= trace at min dist
inf ) 1d<(o,p)




Ld<(A,B): example

dist: .2

:*: 3 -




Quantitative Linear Time Logic (QLTL)

[ (minimal) syntax
O:=p|lOVO[-D|QO[OD|DPBC cCe[o1]

semantics
4 [p](c) = oo(P) [®](s) =
d[~@](c) = 1-[®](c) Inf,c tr(s) [@] (o)
d[O @ ](o) = [®](c!)
d[®,VD, (o) = max( [@,](o), Efpz]](o') )
AR 0Ne) = suplole) =S
Q [® & CJ(e)- = minC]ef R




Semantics for & p

p=0, - -
(b e 07

[¢ p1(o) = sup; (o) (p) = 0.7

Washing Machine

[Opl(s) =
p=0.5 Ei86 |nf0 [[<> p]] ((‘5) =
s h=0.3 =0 |~ 0.6
h=0 —__~> (warm)~— — \SPIN )=
— (start rinse —\3%) _[op=06
» P=01 | min peak consumption

p=0.4 —0 s
—" p=0.7 | = - ”
— —h=0.6 e




Linear Characterization Results

1 boolean:
A =.B iff VoelTL. AEd & BE ¢
A C,B iff V¢elLTL*. AEd = BF ¢

d quantitative:
Id=(A, B)

SUPge qutL - | TAI(9) - [B](4) |
Id<(A, B)

SUPge qurL™ [Al(¢) - [BI(4)
Two directions:

® QLTL formulae cannot distinguish more than Id (>-direction)

@ QLTL can distinguish arbitrary close to Id (S-cﬁ'mctim

walonly Q,ﬁ"’élfed) T —




Part 2: Simulation Distance

Boolean simulation: s C 4, t | Simulation distance: bd<(s,t)
R is a sim rel iff for all (s,t)e R d is a sim distance iff for all d(s,t) = x
1. prop(s) = prop(t) 1. d(s,t) > pd(s,t)
2. S—>S' = 2, S5 =>
It .t t &(st)eR Ittt &d(s|t) < x
— preserves R — preserves d
C sim Is the largest sim rel bd< is the smallest sim distance

S| sC it iffbd<(s,t) = O

vy



Simulation Distance

bd= is the smallest distance such that for d(s,t) = x

1. d(s;t) > pd(s,t)
2. s=oss' =3t .t-t &d(E ) <x

[

d(s,t) > pd(s;t)
2. S—=S'= ming ¢ d(s ) <x

—

d(s,t) > pd(st)
2. maxXgy o .o Ming o d(st') <x

1. pd(s,t) < d(s,t)
2. maxg (.o ming . d(st') <d(st)

pd(s,t) U maxg (.o ming ¢ d(s’,t") < d(s,t)

bd<=pD.pdst) U mMax. ., .ming . . D(s,t') S

T

— —os

1‘1 this gives fix point algorithm




Bisimulation Distance

simulation distance

bd<=uD.pd(s,t) U maxy ¢ o Ming ¢ D(s"t)

bisimulation: symmetric version of simulation

bd==uD.pd(s,t) U maxy .o Ming _  D(s',t')
U maxy ¢¢ming oo D(st)




Quantitative Computation Tree Logic (QCTL)

[ (minimal) syntax
O:=p|OVO|-D|TY| DD Cel0,1]

Yi==¥Y[|02| O

dsemantics
[PI(s) = s(p)
[~ ®](s) = 1-[®](s)
[@,VD,[(s) = max( [@,](s), [®,](s))
[@D C]J(s) = max([®](s)+c, 1)
[ @ (o) = sup; [@](c") |
- [[O(I)]](‘Q—' = |[CD]L(0'Q - ”

- I[H b 4 ]](S) = SUPge traces(s) HTH(G) e




Branching Characterization Results

(1 boolean:
A EbiS B
A ;sim B

 quantitative:
bd=(A, B)
bd<(A, B)

iff VoeCIL. AE¢ & BE
iff VoeCTL*. AFd = BE ¢

SUPge octL - | [AI(9) - [BI(¢) |
SUPge octL™- [Al(¢) - [BI(4)




Linear versus branching distances

1 boolean:

A =bis B = =tr B
S —

B deterministic

d quantitative:
bd=(A, B) > |d=(A,B)
£+

B deterministic

small branching distance = small linear distance




dQuantative logics QLTL, QCTL
ds Eo ~ [o](s) € [0,1] how trueis ¢ in s?

[ Quantitative system relations

QA linear distances (trace inclusion/equivalence)
ds=.,t ~ Id(s,t) how similar are traces of s,t?

dsCt ~ Id(s,t) how well can t match traces s?
A characterized by QLTL

dbranching distances (bisimulation/simulation)

ds=,.t ~ Id(s,;t) how bisimilar are s,t?

dsC,,t ~ Id(s;t) how well can steps of t match steps of s?
A characterized by QCTL




Rest of the talk

d QTSs

1. linear setting
A linear distance Id
Q QLTL

2. branching setting

Q branching distance bd
d QCTL

1 Stochastic Games

3. branching setting
Q a priori distance
O a posteriori distance
d Qu-calculus
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Rest of the talk

Stochastic Games

d 2 metrics
e a posteriori distance:
e a priori distance:

d Properties
[ coincide on MDPs, not in games

[ a priori is canocical
e characterizes Qu
e reciprocal = independent of the player




Stochastic concurrent 2-player games

Game model:
O repetitive games on game graph
O Two players concurrently choose
their moves
Q Pl-1:a,b
Q Pl-2:c, d
O successor state is chosen
probabilistically

We do not care about
move names, only about
reward values

Quantitative props = rewards

B Typical questions:
[ What is the (expected) reward player 1 is-guaranteed to reach ?

0O Which minimal reward can Pl 1 maintain inf often? ™ *

[ etc e T ——




Special cases

Single player

Deterministic Probabilistic

LTSs

G—

MDPs

2 player

Det Games




MDPs: bisimulation distance

Similarity on MDPs

0.3 H v 0.5
0.5 =bis
0.2 0.5
(4, v) €R

Simulation distance: d(s,t)

0.3:/: - 0.49
0.5 dlstl 0l1
0.51

0.2 g
d(g, v) =x

Relation R is a sim iff V(s,t)eR

1. prop(s) = prop(t)

2. S—H
v.t—->v &(y,v) €R

—> preserves R

d is sim distance iff for all d(s,t) = x
1. d(s,t) > pd(st)

2. S—>H
dv.t—-v &d(p, v) =x

— preserves d

—

——

bd =uD.pd(st) L

i ——

maxg ¢, ming ¢, D(y, v)
B, 000 ... SRR I =




Distance between distributions

distribution distance: d(p,v) e max difference in rewards
k(D)=0 k(®)=0.2

0.3 0.6
0.5 Eu[k] = 0.5%0.2 = 0.1
0.2 0.4

; Ep [K] = 0.02
d(O, @®)=0.2 ..
e maximize over k
d(uw,v) = ?? max Ep[k] - Ev[k]

k(s) -k
bd = uD. pd(st) U (s) — k(t)< d(s,t)

maxg ¢, ming ¢, D(y, v) d(y,v) = max, Ep[k] - Ev[K]

= uD.pd(st) 1
maxs'.s—>|.| mint'.t—>v -

max, Eu[k] - EV[K] g

| A posteriori distance




A posteriori and a priori distances

A posteriori distance
dpost= 1 D . pd(s,t) y maxg ¢, ming , max, Ep[k] - Ev[K]

A priori distance
dprio =H D . pd(slt) LI maxk max S$.S—H min t.t->v Ep[k] . EV[k]

best matcht — v
depends on current
goal k




MDPs: a priori and a posteriori coincide

dprio
uD .pd(s,t) U max, max, _,,min, _,, Ep[K] - Ev[k] =
uD .pd(s,t) U max, _,,max, min,_, , EP[K] - EV[K] =

uD .pd(s,t) U max, _, ,min, _,, max, Ep[k] - EV[K] =

CIpost




Games: a posteriori distance

Game/alternating similarity: sC;; t

Bt

e Move vy, is at least as good as x;

s O » 2,05 . If x, wins, then y; wins
§ ' § e Whatever bad move the opponent has in t,
I have an equally bad move in s
t O > »O t' eHence:ifIwinins, Iwinint




Games: a posteriori distance

Alternating bisimilarity: s =_,t

Bt

s O >X2>OS’
s 1 ¢

t O i yz’Ot

R is pl-1 alternating bisim
1. prop(s) = prop(t)
2. VX;3Y,VY53dX,.

fOI‘S—)S’,t—>t’

(s't) € R

Ex1x2 [k] -

e Move vy, is at least as good as x;

e If X, wins, then y; wins

o Whatever bad move the opponent has in
I have an equally bad move in s

eHence: ifIwinins, I winint

Metric d is a priori distance

1. d(s,t) <Id(s,t)
2. max X, min y; maxy,
min X,. d(u,v) =

= max X; min y, maxy,
min X,. max,

Ey1y2 [k]




Games: a priorivs a posteriori metrics

dpose= 1 D .pd(s,t) L
max x;min y;max y,min X;. maxy Eyq,,[K] ~Ey 4,5 [K]

dpio= 1 D .pd(s,t) L
max, Max x;min y;max y,min X,. Eyyyo[K] ~Ey5 [K]

max, max,, minx2 max,, min, 1 Ex1x2(k) — EY1 v2(k)
max,, max minx2 max,, min, 1 Ex1x2(k) — EY1 v2(K)
max,, minx2 max max,, min, 1 Ex1x2(k) — EY1: Y2(K)
max,, minx2 max,., max minyl Ex1x2(k) — EYL Y2(K)
max,, mian max,, minyl max, EXt*2(k) — Ev1v2(k)

*\ﬁ ence: d prio <d post

/N




Reciprocity of a priori metric

dpric = 1 D . pd(s,t)
max, max,;min,, max,,;miny, E,,,, [K] = Ey;, [K]

= u D . pd(s,t) ‘
max, max,;min,; E,;,, [k] - max,;min, E,, > [K]

‘ determinacy of stoch games

= u D . pd(s,t)
max, min,,max,, E,;,, [k] -min,;max,; E ; , [K]

‘ push though minus

= u D . pd(s,t)
max, max,,ming E  >[k] - max,;min,;E; ,[k]




Qu Quantitative uCalculus

d syntax

O:=R|OVD|-D|Z|Pred)| ddclpnZ @

d semantics

[R](s)

[~ @ ](s)
[@,V D, ](s)
[@ @ C](s)
[Pre; @ (o)

s(R)

1 - [®](s)

max( [®,](s) , [®,](s) )
max( [®](s) +c, 1)
maximal reward player i

can enforce in single step,
for rewards given by @ L-



Branching Characterization Results

A a priori distance characterizes Qu:

I:)dprio (A/ B) = SUPCDG Qmu+' [[A]]((I)) - [[B]]((I))

(similarly for symmetric variant)

d no characterization for bd,




Outline of this talk

Stochastic Games

d 2 metrics
e a posteriori distance:
e a priori distance:

d Properties
[ coincide on MDPs, not in games

[ a priori is canocical
e characterizes Qu
e reciprocal = independent of the player
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